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2. Vaja: deformacijski gradient, polarni razcep

Rado Flajs

1. Naloga: Določitev polarnega razcepa deformacijskega gradienta [1, str. 52–54]

1. Naloga [1, str. 52–54]

1.1. Naloga

Polje pomikov deformabilnega telesa je podano v materialnem koordinatnem sistemu z enačbami
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Določi deformacijski gradient in polarna razcepa deformacijskega gradienta. Fizikalno pojasni dobljene rezultate.

1.2. Rešitev

1.2.1. Deformacijski gradient
Polje pomikov deformabilnega telesa je podano v materialnem koordinatnem sistemu z enačbami
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Z uporabo zvez x1 = x0
1 + u, x2 = x0

2 + v in x3 = x0
3 + w, izrazimo prostorske koordinate z materialnimi koordinatami

in dobimo
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Po [2, enačbi (5)]
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izračunamo deformacijski gradient in dobimo
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1.2.2. RU razcep
Najprej določimo polarni razcep F = R U. Tu R predstavlja rotacijo U pa raztezanje ali krčenje telesa v neki smeri.

• Najprej določimo matriko C = FT F in dobimo
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• Nato določimo matriko U kot matrični koren matrike C. To je takšna matrika za katero velja zveza C = U U. Krajši
račun vrne

U =
√

C =
1

2
√

2


3 +
√

3 3 −
√

3 0
3 −
√

3 1 + 3
√

3 0
0 0 2

√
2

 . (7)

• Končno dobimo z uporabo enačbe F = R U še rotacijsko matriko R.

U−1 =
1

4
√

6


1 + 3

√
3
√

3 − 3 0
√

3 − 3 3 +
√

3 0
0 0 4

√
6


R = F U−1 =

1

2
√

2


√

3 + 1
√

3 − 1 0
1 −
√

3
√

3 + 1 0
0 0 2

√
2

 . (8)

1.2.3. VR razcep
Nato določimo polarni razcep F = V R. Tu R predstavlja rotacijo V pa raztezanje ali krčenje telesa v neki smeri.

• Najprej določimo matriko B = F FT in dobimo

B = F FT =
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 . (9)

• Nato določimo matriko V kot matrični koren matrike B. To je takšna matrika za katero velja zveza B = V V . Krajši
račun vrne
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• Z uporabo enačbe F = V R dobimo še rotacijsko matriko R.

R = V−1 F =
1

2
√

2


√

3 + 1
√

3 − 1 0
1 −
√

3
√

3 + 1 0
0 0 2

√
2

 . (11)

1.2.4. Rešitev v Matlabu
Zaradi dodatnih komentarjev v nadaljevanju so vse vrstice v programu oštevilčene.

3 F = [sqrt(3) 1 0; 0 2 0; 0 0 1]

4 F =

5 1.7321 1.0000 0

6 0 2.0000 0

7 0 0 1.0000

8 C = F’*F
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9 C =

10 3.0000 1.7321 0

11 1.7321 5.0000 0

12 0 0 1.0000

13 U = sqrtm(C)

14 U =

15 1.6730 0.4483 0

16 0.4483 2.1907 0

17 0 0 1.0000

18 R = F*inv(U)

19 R =

20 0.9659 0.2588 0

21 -0.2588 0.9659 0

22 0 0 1.0000

23 B = F*F’

24 B =

25 4.0000 2.0000 0

26 2.0000 4.0000 0

27 0 0 1.0000

28 V = sqrtm(B)

29 V =

30 1.9319 0.5176 0

31 0.5176 1.9319 0

32 0 0 1.0000

33 R = inv(V)*F

34 R =

35 0.9659 0.2588 0

36 -0.2588 0.9659 0

37 0 0 1.0000

38 [R,D] = eig(C)

39 R =

40 0 -0.8660 0.5000

41 0 0.5000 0.8660

42 1.0000 0 0

43 D =

44 1.0000 0 0

45 0 2.0000 0

46 0 0 6.0000

47 R = inv(V)*F

48 R =

49 0.9659 0.2588 0

50 -0.2588 0.9659 0

51 0 0 1.0000

52 [LV,LAM] = eig(C)

53 LV =

54 0 -0.8660 0.5000

55 0 0.5000 0.8660

56 1.0000 0 0

57 LAM =

58 1.0000 0 0

59 0 2.0000 0

60 0 0 6.0000

61 U = LV*sqrt(LAM)*LV’

62 U =

63 1.6730 0.4483 0

64 0.4483 2.1907 0

65 0 0 1.0000

66 [cosd(-15) -sind(-15) 0; sind(-15) cosd(15) 0; 0 0 1]
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67 ans =

68 0.9659 0.2588 0

69 -0.2588 0.9659 0

70 0 0 1.0000

71 R

72 R =

73 0.9659 0.2588 0

74 -0.2588 0.9659 0

75 0 0 1.0000

76 V

77 V =

78 1.9319 0.5176 0

79 0.5176 1.9319 0

80 0 0 1.0000

81 U

82 U =

83 1.6730 0.4483 0

84 0.4483 2.1907 0

85 0 0 1.0000

86 [LV,LAM] = eig(U)

87 LV =

88 0 -0.8660 0.5000

89 0 0.5000 0.8660

90 1.0000 0 0

91 LAM =

92 1.0000 0 0

93 0 1.4142 0

94 0 0 2.4495

95 [LV,LAM] = eig(V)

96 LV =

97 0 -0.7071 0.7071

98 0 0.7071 0.7071

99 1.0000 0 0

100 LAM =

101 1.0000 0 0

102 0 1.4142 0

103 0 0 2.4495

1.2.5. Rešitev v Mathematici

F = {{Sqrt[3], 1, 0}, {0, 2, 0}, {0, 0, 1}};F = {{Sqrt[3], 1, 0}, {0, 2, 0}, {0, 0, 1}};F = {{Sqrt[3], 1, 0}, {0, 2, 0}, {0, 0, 1}};

F//MatrixFormF//MatrixFormF//MatrixForm
√
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c = Transpose[F].F;c = Transpose[F].F;c = Transpose[F].F;

c//MatrixFormc//MatrixFormc//MatrixForm
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U = MatrixPower[c, 1/2]//FullSimplify;U = MatrixPower[c, 1/2]//FullSimplify;U = MatrixPower[c, 1/2]//FullSimplify;

U//MatrixFormU//MatrixFormU//MatrixForm
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
R = F.Inverse[U]//FullSimplify;R = F.Inverse[U]//FullSimplify;R = F.Inverse[U]//FullSimplify;

R//MatrixFormR//MatrixFormR//MatrixForm

phi = −15/180Pi;phi = −15/180Pi;phi = −15/180Pi;

R − {{Cos[phi],−Sin[phi], 0}, {Sin[phi],Cos[phi], 0}, {0, 0, 1}}//FullSimplifyR − {{Cos[phi],−Sin[phi], 0}, {Sin[phi],Cos[phi], 0}, {0, 0, 1}}//FullSimplifyR − {{Cos[phi],−Sin[phi], 0}, {Sin[phi],Cos[phi], 0}, {0, 0, 1}}//FullSimplify
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
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}

B = F.Transpose[F];B = F.Transpose[F];B = F.Transpose[F];

B//MatrixFormB//MatrixFormB//MatrixForm
4 2 0

2 4 0
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
V = MatrixPower[B, 1/2]//FullSimplify;V = MatrixPower[B, 1/2]//FullSimplify;V = MatrixPower[B, 1/2]//FullSimplify;

V//MatrixFormV//MatrixFormV//MatrixForm

√
2 +
√

3
√

2 −
√

3 0√
2 −
√

3
√

2 +
√

3 0

0 0 1


R = Inverse[V].F//FullSimplify;R = Inverse[V].F//FullSimplify;R = Inverse[V].F//FullSimplify;

R//MatrixFormR//MatrixFormR//MatrixForm

phi = −15/180Pi;phi = −15/180Pi;phi = −15/180Pi;

R − {{Cos[phi],−Sin[phi], 0}, {Sin[phi],Cos[phi], 0}, {0, 0, 1}}//FullSimplifyR − {{Cos[phi],−Sin[phi], 0}, {Sin[phi],Cos[phi], 0}, {0, 0, 1}}//FullSimplifyR − {{Cos[phi],−Sin[phi], 0}, {Sin[phi],Cos[phi], 0}, {0, 0, 1}}//FullSimplify
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
{{0, 0, 0}, {0, 0, 0}, {0, 0, 0}}

{Uu,Du,Vu} = SingularValueDecomposition[U]//FullSimplify;{Uu,Du,Vu} = SingularValueDecomposition[U]//FullSimplify;{Uu,Du,Vu} = SingularValueDecomposition[U]//FullSimplify;
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Uu//MatrixFormUu//MatrixFormUu//MatrixForm
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2 0
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3
2
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
{Uu,Du,Vu} = SingularValueDecomposition[V]//FullSimplify;{Uu,Du,Vu} = SingularValueDecomposition[V]//FullSimplify;{Uu,Du,Vu} = SingularValueDecomposition[V]//FullSimplify;

Uu//MatrixFormUu//MatrixFormUu//MatrixForm
1
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
1.2.6. Grafični prikaz polarnega razcepa z razlago
Grafični prikaz deformiranja.

Lastne vrednosti in lastni vektorji preslikave U.

Lastne vrednosti in lastni vektorji preslikave V.

Fizikalni pomen RU razcepa – razlaga dobljenih rezultatov.

(a)
Er-
ror
in
the
energy
norm
for
me-
shes
(a)

(b)
Er-
ror
in
the
energy
norm
for
me-
shes
(b)

Slika 1: Error in the energy norm.

Fizikalni pomen VR razcepa – razlaga dobljenih rezultatov.

1.2.7. Grafični prikaz polarnega razcepa – film
Fizikalni pomen RU in VR razcepov je najbolj razviden iz filmov [3] in [4].

Film o RU razcepu.

Film o VR razcepu.

Fizikalni pomen RU razcepa – razlaga dobljenih rezultatov.

Fizikalni pomen VR razcepa – razlaga dobljenih rezultatov.
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